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Abstract
The sigma model describing the dynamics of the superstring in the AdS5×S5 background
can be constructed using the coset PSU(2, 2|4)/SO(4, 1)×SO(5). A basic set of operators
in this two dimensional conformal field theory is composed by the left invariant currents.
Since these currents are not (anti) holomorphic, their OPE’s is not determined by symmetry
principles and its computation should be performed perturbatively. Using the pure spinor
sigma model for this background, we compute the one-loop correction to these OPE’s. We
also compute the OPE’s of the left invariant currents with the energy momentum tensor at
tree level and one loop.
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1 Introduction
During the last few years a number of results were obtained in N = 4 super Yang-Mills
using integrability techniques5 culminating in a general system of equations that predicts the
anomalous dimension for all operators at any value of the coupling constant [1] . Despite all
these results, the quantum properties of the dual string theory, namely strings in AdS5×S5,
still remain elusive.
The classical integrability of the AdS5×S5 sigma model was established in the paper [2]
and later is was shown to hold also in the pure spinor description [3]. Using cohomological
and algebraic renormalization techniques, Berkovits argued that the sigma model still has
an infinite number of conserved charges when quantum effects are taken into account [4].
Besides these general results, not much is known about the sigma model. The one loop
conformal invariance was proved in [5, 6] and the argument for all loop conformal invariance
was presented in [4]. The one loop effective action was computed recently in [7] where it was
shown that the “level” of the CFT is not renormalized at one loop, which in turn means that
the relation between the ’t Hooft coupling λ and the AdS radius does not change at one
loop. Besides, it was also shown that, using the prescription given in [4], the effective action
does not get any correction at all (neither local or non-local). Regarding the integrability of
the model, a detailed study of the transfer matrix of the worldsheet was done in [8], where
it was shown to be a well defined operator in quantum theory.
In this work we consider the one-loop correction of the OPE’s of the left invariant
currents. This is one particularly interesting set of operators in the worldsheet. Since these
currents are not gauge invariant they are not expected to be primary fields of the CFT,
nevertheless they are invariant under global PSU(2, 2|4) transformations and are used to
construct integrated massless vertex operators [9] and also appear in massive unintegrated
vertex operators. Another complication is that these currents are not holomorphic even in
the classical limit, so their OPE’s cannot be deduced from general arguments. Therefore,
if one wants to compute spacetime observables using worldsheet techniques, a perturbative
knowledge of these OPE’s is mandatory. Besides this practical application, the knowledge
of this current algebra in the worldsheet may shed light into more general aspects of the
theory, such as the apparent quantum integrability. The tree level OPE’s of these currents
were computed in [10] (see also [8] and [11]) while the algebra of the left and right currents
for a principal chiral model have been computed in [12] and [13].
Surprisingly, most of the possible one-loop corrections vanish due to spacetime super-
symmetry and the result obtained here corroborates with the effective action result obtained
in [7]. Thus this serves as further evidence that the relation between the ’t Hooft coupling
and the AdS radius is not renormalized.
5The literature on this subject is very large, and we did not attempt to give a list of references.
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We also compute the OPE’s of the left-invariant currents with the worldsheet energy
momentum tensor. Although the currents are not primary fields, their tree level OPE
with the energy momentum gives the expected result coming from gauge covariance. The
results we found are compatible with general assumptions of CFT but they are not as
simple as in the case of a chiral current algebra. Furthermore, at 1-loop we show that
there is no correction to the tree level OPE for the bosonic currents. This is a surprising
result since the left-invariant currents are not protected by any symmetry argument. On
the other hand, the fermionic currents get anomalous dimension contributions. However,
this is not inconsistent, the two types of fermionic currents get contributions that cancel
when combined into a single operator, so the stress energy tensor still has zero anomalous
dimension.
Organization The structure of this paper is as follows. In section two we review the
pure spinor superstring formalism. The case of AdS5 × S5 background is discussed in
section 3. In section four the methods to compute the OPE’s is described. In section five
we compute the one-loop contributions to the OPE’S. Section 6 contains the computation
of the OPE’s between the left-invariant currents with the energy momentum tensor. In the
section 7 we summarize and comment our results. The appendices contain some technical
details which were omitted in the main text.
2 Pure Spinor Type II Superstring in Curved Back-
grounds
In a curved background, the pure spinor sigma model action for the type II superstring
is obtained by adding to the flat action the integrated vertex operator for supergravity
massless states and then covariantizing with respect to ten dimensional N = 2 super-
reparameterization invariance. The result of this procedure is
S =
1
2πα′
∫
d2z (
1
2
∂ZM∂ZN (GNM +BNM )+ dα∂Z
MEαM + d˜αˆ∂Z
MEαˆM +λ
αωβ∂Z
MΩMα
β
(1)
+λ̂αˆω̂
βˆ
∂ZMΩMαˆ
βˆ + dαd˜βˆP
αβˆ +λαωβd˜γˆC
βγˆ
α + λ̂
αˆω̂
βˆ
dγC˜
βˆγ
αˆ +λ
αωβλ̂
αˆω̂
βˆ
Sββˆααˆ)+Spure+SFT ,
where EM
A is the supervielbein and ZM are the curved superspace coordinates, BNM is
the super two-form potential. Spure is the action for the pure spinor ghosts and is the same
as in the flat space case. The pure spinor condition means that they satisfy λαγcαβλ
β = 0
and λ̂αˆγc
αˆβˆ
λ̂βˆ = 0, where c = 0, . . .9 is a tangent space bosonic index.
As was shown in [14], the gravitini and the dilatini fields are described by the lowest
θ-components of the superfields Cβγˆα and C˜
βˆγ
αˆ , while the Ramond-Ramond field strengths
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are in the superfield Pαβˆ. The dilaton is the theta independent part of the superfield Φ
which defines the Fradkin-Tseytlin term
SFT =
1
2π
∫
d2z r Φ, (2)
where r is the world-sheet curvature. Because of the pure spinor constraints, the superfields
in (1) cannot be arbitrary. In fact, it is necessary that
ΩMα
β = Ω
(s)
M δα
β +
1
4
ΩMab(γ
ab)α
β, Ω˜Mαˆ
βˆ = Ω˜
(s)
M δαˆ
βˆ +
1
4
Ω˜Mab(γ
ab)αˆ
βˆ, (3)
Cβγˆα = C
γˆδα
β +
1
4
Cab
γˆ(γab)α
β, C˜ βˆγαˆ = C˜
γδαˆ
βˆ +
1
4
C˜ab
γ(γab)αˆ
βˆ,
Sββˆααˆ = Sδα
βδαˆ
βˆ +
1
4
Sab(γ
ab)α
βδαˆ
βˆ +
1
4
S˜ab(γ
ab)αˆ
βˆδα
β +
1
16
Sabcd(γ
ab)α
β(γcd)αˆ
βˆ.
The engineering dimensions, i.e dimensions in units of space-time length, for the world-
sheet fields in (1) are:
[Xm] = 1, [θµ] =
1
2
, [dα] = [d˜αˆ] =
3
2
, [λαωβ] = [λ̂
αˆω̂
βˆ
] = 2. (4)
3 Review of the Pure Spinor Superstring in AdS5×S5
As was shown for the first time in [15], the superstring in AdS5 × S5 background can
be described using some currents defined in the superalgebra psu(2, 2|4). Those currents,
which are defined in a left-invariant way, are given by JA = (g−1∂g)A = ∂ZMEAM , J
A
=
(g−1∂g)A = ∂ZMEAM for g an element in the coset supergroup PSU(2, 2|4)/SO(4, 1) ×
SO(5). The index A denotes (a, α, αˆ, ) and a = 0, . . .4 for AdS5, a
′ = 5, . . .9 for S5,
α = 1, . . .16, αˆ = 1, . . .16 and a denotes both a and a′.
Another way of obtaining the action for the superstring in the AdS5 × S5 background
is by replacing the values that the superfields of the action (1) take on that background, as
shown in [16] and [17]. In the following we will review that procedure.
Using the supervielbein and the definition of the currents given above, one can check
that the term which contains GMN can be written as
1
2
∂ZM∂ZNGNM =
1
2
JaJ
b
ηab. (5)
In AdS5 × S5 the only non-zero component of BNM is Bαβˆ = 12(Ngs)
1
4
√
α′δ
αβˆ
, where
δ
αβˆ
= (γ01234)αβˆ . Then the term containing BNM in the action will lead to
1
2
∂ZM∂ZNBNM =
1
2
(J βˆJ
α
B
αβˆ
+ JαJ
βˆ
B
βˆα
) =
1
4
√
α′(Ngs)
1
4 (J βˆJ
α
+ JαJ
βˆ
)δ
αβˆ
. (6)
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From the definitions of the currents JA, the terms containing explicitly EαM and E
αˆ
M in (1)
will give
dα∂Z
MEαM = dαJ
α
, d˜αˆ∂Z
MEαˆM = d˜αˆJ
αˆ. (7)
By computing the flux of the five-form Ramond-Ramond field-strength one finds that
Pαβˆ =
δαβˆ√
α′(Ngs)
1
4
, (8)
where δαβˆ = (γ01234)αβˆ and actually (8) sets the value for B
αβˆ
written above, as can be
proven by using the field-strenth H = dB and the constraints of [14] . The values of the
Superfields Cβγˆα and C˜
βˆγ
αˆ are zero in the AdS5 × S5, as well as Ω(s)M and Ω˜(s)M because they
are related to derivatives of the superfield containing the dilaton, which is constant for this
background. Now, the terms containing the spin connections will lead to
λαωβ∂Z
MΩMα
β = NabJ
ab
, λ̂αˆω̂
βˆ
∂ZM Ω˜Mαˆ
βˆ = NˆabJ
ab, (9)
where Jab = 12∂Z
M Ω˜Mab, J
ab
= 12∂Z
MΩMab and N
ab = 12(λγ
abω), Nˆab = 12(λ̂γ
abω̂) are the
pure spinors Lorentz currents. Finally, the term containing Sββˆααˆ is related to the space-time
curvature as shown in [14], which is constant for the AdS5 × S5 space. More specifically,
Rabcd = − 1
R2
ηa[cηd]b Ra′b′c′d′ =
1
R2
ηa′[c′ηd′]b′ , (10)
where R is the radius of AdS5 and S
5 and the minus sign in the first equation is because
AdS5 has negative curvature. Thus, replacing the values of the background fields given
above, the following action is found
S =
1
2πα′
∫
d2z(
1
2
JaJ
b
ηab +
1
4
(Ngs)
1
4
√
α′δ
αβˆ
(JαJ
βˆ
+ J βˆJ
α
) + dαJ
α
+ d˜αˆJ
αˆ (11)
+
1
(Ngs)
1
4
√
α′
dαd˜βˆδ
αβˆ +NabJ
[ab]
+ NˆabJ
[ab] − 1
R2
NabNˆ
ab +
1
R2
Na′b′Nˆ
a′b′) + Sλ + Sλ̂.
Note by now that the engineering dimensions are
[Ja] = [J
a
] = 1, [Jα] = [J αˆ] = [J
α
] = [J
αˆ
] =
1
2
, (12)
[Nab] = [Nˆab] = 2, [dα] = [d˜αˆ] =
3
2
, [Jab] = [J
ab
] = 0.
By defining α−1 = (Ngs)
1
4 , using the equations of motion for dα and d˜αˆ and performing
the scalings
(Ja, J
a
)→ α−1(Ja, Ja), (Jα, J αˆ, Jα, J αˆ)→ 2(α
′)
1
4√
α
(Jα, J αˆ, J
α
, J
αˆ
) (13)
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(Nab, Nˆab)→ 1
αR
(Nab, Nˆab), (J
ab, J
ab
)→
√
α′
α
(Jab, J
ab
),
we find the action
S =
1
2πα′α2
∫
d2z(
1
2
JaJ
b
ηab + δαβˆ(J
αJ
βˆ − 3J βˆJα) (14)
+NabJ
[ab]
+ NˆabJ
[ab] −NabNˆab +Na′b′Nˆa′b′) + Sλ + Sλ̂,
which coincides with “usual” action for the superstring written in terms of the psu(2, 2|4)
currents [16] [17]. Note also that in (14) all J ’s, J ’s, and pure spinor Lorentz currents has
engeneering dimension one. So, by choosing units in which 2πα′ = 1 the action is given in
terms of dimensionless worldsheet fields.
Because of their definition, (JA, J
A
) satisfy the Maurer-Cartan identities ∂J
A − ∂JA +
[J, J ]A = 0, so by making a variation of the action and using those identities, we can find
the equations of motion
∇J2 = −[J1, J1] + 1
2
[N,J2]− 1
2
[J2, Nˆ ], (15)
∇¯J2 = [J3, J3]− 1
2
[J2, Nˆ ] +
1
2
[N,J2] (16)
∇J1 = 1
2
[N,J1]− 1
2
[J1, Nˆ ], (17)
∇J1 = [J2, J3] + [J3, J2] + 1
2
[N,J1]− 1
2
[J1, Nˆ ] (18)
∇J3 = 1
2
[N,J3]− 1
2
[J3, Nˆ ], (19)
∇J3 = −[J2, J1]− [J1, J2] + 1
2
[N,J3]− 1
2
[J3, Nˆ ], (20)
where ∇ = ∂ + [J0, ] and ∇¯ = ∂ + [J0, ]. We have supressed the index A and introduced
a sub-index 0, 1, 2, 3 for the currents. This notation stands for J0 = J
[ab]Mab, J1 = J
αQα,
J2 = J
aPa, J3 = J
αˆQˆαˆ and similarly for the J currents. This Z4 gradding for the superal-
gebra was noted in [5]. Note that we have written the currents in terms of the generators
of psu(2, 2|4), whose structure constants different from zero are
f
c
αβ = 2γ
c
αβ , f
c
αˆβˆ
= 2γ
c
αˆβˆ
(21)
f
[ef ]
αβˆ
= (γef )α
γδ
γβˆ
= −(γef )
βˆ
γˆδαγˆ = f
[ef ]
βˆα
, f
[e′f ′]
αβˆ
= −(γe′f ′)αγδγβˆ = (γe
′f ′)
βˆ
γˆδαγˆ = f
[e′f ′]
βˆα
,
f βˆαc = −f βˆcα =
1
2
(γc)αβδ
ββˆ , fβαˆc = −fβcαˆ = −
1
2
(γc)αˆβˆδ
ββˆ ,
f
[ef ]
cd =
1
2
δ[ec δ
f ]
d , f
[e′f ′]
c′d′ = −
1
2
δ
[e′
c′ δ
f ′]
d′ ,
f
[gh]
[cd][ef ] =
1
2
(ηceδ
[g
d δ
h]
f − ηcf δ
[g
d δ
h]
e + ηdfδ
[g
c δ
h]
e − ηdeδ
[g
c δ
h]
f ),
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f
f
[cd]e = −f
f
e[cd] = ηe[cδ
f
d], f
β
[cd]α = −fβα[cd] =
1
2
(γcd)α
β, f βˆ[cd]αˆ = −f βˆαˆ[cd] =
1
2
(γcd)αˆ
βˆ.
The pure spinors have also equations of motion, given by ∇N = 12 [N, Nˆ ] and ∇Nˆ =
1
2 [N, Nˆ ].
4 OPE’S in momentum space and dimensional reg-
ularization
In this section it is described the kind of calculations we intend to do. We are going to
calculate contributions to the expectation values
〈
Ja(y)Jb(z)
〉
, 〈Ja(y)Jα(z)〉, etc... pertur-
batively, including double contractions (one loop) with no contributions of classical fields.
The traditional way to calculate this kind of expectation values is to perform a background
field expansion as in [5], [6] and [18]. That is, we choose a classical background given
by an element g0 in the supergroup and parametrize the quantum fluctuations by X as
g = g0e
αX , where α is the coupling constant defined in the last section. Then, the currents
can be written as
J = g−1∂g = e−αXJ0e
αX + e−αX∂eαX , (22)
J = g−1∂g = e−αXJ0e
αX + e−αX∂eαX .
The exponentials in (22) can be expanded, giving rise to expressions involving commutators,
which can be evaluated by using the structure constants of the psu(2, 2|4) Lie superalgebra
(21), that is,
J = J0+α(∂X+[J0,X])+
α2
2
([∂X,X]+[[J0,X],X])+
α3
3!
([[∂X,X],X]+[[[J0 ,X],X],X])+...,
(23)
and similarly for J .6 In the last expression J0 denotes the classical part of J and not the
index of the Z4 gradding. That sub-index will be dropped out, so it will be understood
that the currents which appears in this type of expansion are classical. In the appendix,
the expansion of the terms in the action (14) is written up to cubic terms in the quantum
6Note that we have made the choice X = X2 +X1 +X3 for the parametrization of the coset. Here we have
used the SO(1, 4)×SO(5) gauge invariance to fix X0 = 0. Supposed we do not use the gauge invariance to fix this
component and use another parametrizationX ′ = X ′2+X
′
1+X
′
3+X
′
0. We can use the Baker-Campbell-Hausdorff
formula to write eX
′
= eX2+X1+X3eX0 and find the field redefinitions from from X ′ to X2 +X1 +X3 and X0.
If we define the quantum field by g = g0e
X2+X1+X3eX0 the expanded action will be independent of X0, so this
component is just a local gauge transformation of currents Ji → e−X0JieX0 for i = 1, 2 and 3. This implies
that a coset parametrization without fixing X0 to vanish is related to our choice by a gauge transformation,
as it should. Although our results are not gauge invariant, they are gauge covariant, so we do not expect any
significant change using another coset parametrization.
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fields, since this is the relevant order for the one-loop computation of the current’s OPE’s.
We will focus on the matter part of the OPE’s. In Section 5 they do not enter at all, since
there is no diagram that mixes matter with ghosts. However, in Section 6, they do enter at
tree and one loop level.
Replacing those expansions of the appendix in (14), one can identify the kinetic piece
Sp of the action
Sp =
∫
d2z(
1
2
∂Xa∂Xbηab + 4δαβˆ∂X
α∂X βˆ), (24)
from which we obtain the propagators in coordinate space
Xa(y)Xb(z)→ −ηab ln |y − z|2, Xa′(y)Xb′(z)→ −δa′b′ ln |y − z|2 (25)
Xα(y)X βˆ(z)→ −1
4
δαβˆ ln |y − z|2.
The reminder terms of the background expansion will provide the vertices of the theory.
It is then straightforward to write down coordinate-space expressions for the Feynman
rules of the diagrams which will appear in the remaining of the paper, and calculate the
contribution of each OPE, like the tree level calculations of [10]. However, things are
different at one loop. There are divergences which produce ambiguities in the coodinate-
space integrals. The basic techniques for dealing with such a problem, involving this kind of
calculation, were developed a long time ago in [19], [20], [21], when it were used momentum
space Feynman rules with a prescription for worldsheet dimensional regularization. Then
the results could be written in coordinate space by using an inverse Fourier transformation.
The two dimensional prescription for dimensional regularization consists in keeping all
the interactions in exactly two dimensions, but the kinetic terms, and hence the denomina-
tors of the propagators will be in d=2 − 2ǫ dimensions.
We are going to use the definition d2k =
dkxdky
π
. With this choice there is no π depen-
dence in the results and the Green function G(y, z) is represented as
G(y, z) =
∫
d2k
eik(y−z)+ik¯(y¯−z¯)
k 2
. (26)
The momentum space propagators look like
Xa(k)Xb(l)→ ηab δ
2(k + l)
|k|2 , X
α(k)X βˆ(l)→ 1
4
δαβˆ
δ2(k + l)
|k|2 . (27)
To work out the corresponding expression for the OPE´s in momentum space we use
the dimensional regularization prescription and include a factor Γ(1 − ǫ)(4π)−ǫ(2π)2ǫ for
each loop. This will remove the Euler constant (the G-scheme [22]). All the integrals we
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need to compute in the momentum space come from the formula∫
ddp
papb
[|p|2]α[|p− k|2]β =
ka+1−α−βk
b+1−α−β
∣∣∣∣k2µ2
∣∣∣∣−ǫ × i=a∑
i=0
(
a
i
)
[
Γ (2− α− β + b+ i− ǫ)
Γ (2− 2ǫ− α− β + i+ b)
×Γ (α+ β − 1− i+ ǫ)
Γ (1 + ǫ)µ−2ǫ
Γ (1− ǫ− β + i)], (28)
where µ is the usual mass parameter of the dimensional regularization and the measure ddp
is the standart d-dimensional measure divided by π. Using this regularization, integrals
like
∫
ddk
|k|2
vanish due to the cancelation betwen ultraviolet and infrared divergences in two
dimensions. In order to check whether infrared and ultraviolet divergences cancel separately,
we should replace the propagator in each infrared diagram by [23, 24, 19]
1
|k|2 →
1
|k|2 +
1
η
δ2(k) (29)
and by taking ǫ = η we could subtract out all infrared divergences. Since we are not
evaluating expectation values of conserved currents, the result may depend on ǫ and this
procedure is important. However, for the sake of simplicity we are not going to do this in
this paper and we postpone this discussion to a future work.7
Next, we need to calculate all diagrams in momentum space using (28) with the dimen-
sional regularization prescription, and afterwards reexpress the results in coordinate space
using the following:
k
k
←→ − 1
(y − z)2 ,
k
k
←→ − 1
(y − z)2 , (30)
k
εk
+
k
k
(
1− log |k|
2
µ2
)
←→ − ln |y − z|
2
(y − z)2 ,
k
εk
+
k
k
(
1− log |k|
2
µ2
)
←→ − ln |y − z|
2
(y − z)2 .
5 OPE’S without classical part
First note that from the expansions in the appendix, collecting the terms with three quan-
tum fields and no classical field we obtain
S(X3) =
α
4
∫
d2z[∂Xa∂XαXβ(γa)αβ−∂Xa∂XαˆX βˆ(γa)αˆβˆ−∂Xa∂XαXβ(γa)αβ+∂Xa∂XαˆX βˆ(γa)αˆβˆ
(31)
7If we keep the parameters ǫ and η as independent parameters the infrared divergences can be read from the
1
ǫ
− 1
η
coefficients and the ultravilolet from 1
ǫ
coefficients.
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+2Xa∂Xα∂Xβ(γa)αβ − 2Xa∂Xαˆ∂X βˆ(γa)αˆβˆ].
Integrating by parts the first line we obtain
S(X3) = α
∫
d2z[Xa∂Xα∂Xβ(γa)αβ −Xa∂Xαˆ∂X βˆ(γa)αˆβˆ]. (32)
The last expression gives the vertices used in the computation detailed in the next subsec-
tion.
5.1 One-loop computations
We can use the expansions of the appendix to compute perturbatively the OPE’s of the
various currents JA and J
A
. We will give in detail the computation of 〈Ja(y)Jb(z)〉 leaving
the method clear and explaining how to get the rest of the results.
Restricting the expansion (23) to the case without classical currents, we can write
〈Ja(y)Jb(z)〉 = α2〈∂Xa(y)∂Xb(z)〉−α3〈∂Xa(y)∂XαXβ(z)〉γbαβ−α3〈∂Xa(y)∂XαˆX βˆ(z)〉γbαˆβˆ
(33)
−α3〈∂XαXβ(y)∂Xb(z)〉γaαβ−α3〈∂XαˆX βˆ(y)∂Xb(z)〉γaαˆβˆ+α
4〈∂XαXβ(y)∂X γˆX δˆ(z)〉γaαβγbγˆδˆ
+α4〈∂XαˆX βˆ(y)∂XγXδ(z)〉γa
αˆβˆ
γ
b
γδ.
With the first term in (33) we can form a one-loop diagram by using the two terms in the
right hand side of (32), which will come from the expansion of the exponential of minus the
action at second order. This one-loop diagram is shown below 8 .
(34)
So, in momentum space, using the contractions (27) the first diagram gives
α2〈∂Xa(y)∂Xb(z)〉 = −α
4
8
ηacηbd(γc)αβ(γd)αˆβˆ[δ
αβˆδβαˆ
∫
ddp
pp¯
|p|2
(k − p)(k¯ − p¯)
|k − p|2 (35)
8In all the diagrams crosses indicate vertices coming from the currents, double lines indicate background fields
and single lines indicate quantum fields.
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−δααˆδββˆ
∫
ddp
p2
|p|2
(k¯ − p¯)2
|k − p|2 ]
(
k
|k|2
)2
.
The coefficient deserves an explanation. There is a 12 coming from the expansion of exp−S
at the second order in S, also there is symmetry factor of 2 from the different possibilities
of contracting the bosonic indices. Another factor of two comes from the double product
in (32) when computing S(X3)2. Finally, there is a 1
42
from the fermionic propagator. It
can be easily checked that (γc)αβ(γd)αˆβˆδ
ααˆδββˆ = 16ηcd. Therefore, using the results of the
integrals summarized in the appendix, we obtain
α2〈∂Xa(y)∂Xb(z)〉 = −2α4ηab[k
k¯
+
k
k¯
(
1
ǫ
+ 1− ln |k|
2
µ2
)]. (36)
Now let’s consider the remaining terms in (33). Both the second and third terms in (33)
can be represented by the diagram
(37)
It can be checked that this diagram cancels because the second term in (33) cancels with
the third. The reason for this cancelation is as follows: to form the diagram the sec-
ond term in (33) contracts with the second term in (32), while the third term in (33)
contracts with the first term in (32). Since those terms in (32) have opposite signs then
−α3〈∂Xa(y)∂XαXβ(z)〉γbαβ cancels with −α3〈∂Xa(y)∂XαˆX βˆ(z)〉γbαˆβˆ. Using the same rea-
soning one can check that−α3〈∂XαXβ(y)∂Xb(z)〉γaαβ cancels with−α3〈∂XαˆX βˆ(y)∂Xb(z)〉γaαˆβˆ .
That means the following diagram also cancels
(38)
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Finally the term α4〈∂XαXβ(y)∂X γˆX δˆ(z)〉γaαβγbγˆδˆ in (33) , which is represented by the
diagram
(39)
gives
α4〈∂XαXβ(y)∂X γˆX δˆ(z)〉γaαβγbγˆδˆ =
α4
42
γ
a
αβγ
b
γˆδˆ
[−δαγˆδβδˆ
∫
ddp
p2
|p|2
1
|k − p|2
+ δαδˆδβγˆ
∫
ddp
p
|p|2
(k − p)
|k − p|2 ]
= α4ηab
[
k
k¯
+
k
k¯
(
1
ǫ
+ 1− ln |k|
2
µ2
)]
(40)
and the last term in (33) gives the same result. Because of this fact, (36) cancels with two
times the result in (40), or in other words, the first diagram cancels with the forth. Then,
the one-loop correction to 〈Ja(y)Jb(z)〉 without classical field vanishes.
Let’s consider now 〈Jα(y)J βˆ(z)〉 at one loop and also without classical currents contri-
butions. Then
〈Jα(y)J βˆ(z)〉 = α2〈∂Xα(y)∂X βˆ(z)〉 + 1
4
α3〈∂Xα(y)∂XγXb(z)〉(γb)γδδδβˆ (41)
−1
4
α3〈∂Xα(y)∂XbXγ(z)〉(γb)γδδδβˆ − 1
4
α3〈∂X γˆXb(y)∂X βˆ(z)〉(γb)γˆδˆδαδˆ
+
1
4
α3〈∂XbX γˆ(y)∂X βˆ(z)〉(γb)γˆδˆδαδˆ −
1
16
α4〈∂X γˆXc(y)∂XγXd(z)〉(γc)γˆδˆδαδˆ(γd)γδδδβˆ
+
1
16
α4〈∂X γˆXc(y)∂XdXγ(z)〉(γc)γˆδˆδαδˆ(γd)γδδδβˆ+
1
16
α4〈∂XcX γˆ(y)∂XγXd(z)〉(γc)γˆδˆδαδˆ(γd)γδδδβˆ
− 1
16
α4〈∂XcX γˆ(y)∂XdXγ(z)〉(γc)γˆδˆδαδˆ(γd)γδδδβˆ .
The result will be analog in this case. The first term, represented by diagram 1 gives
α2〈∂Xα(y)∂X βˆ(z)〉 = 5
16
α4δαβˆ [
k
k¯
+
k
k¯
(
1
ǫ
+ 1− ln |k|
2
µ2
)], (42)
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while the second term cancels the third in (41), as well as the fourth cancels the fifth. Again,
the second and third diagrams cancel independently. Also, in this case those cancellations
are due to the sign difference in the two terms of (32). The last four terms in (41) are
represented by the fourth diagram. The sixth term in (41) gives
− 1
16
α4〈∂X γˆXc(y)∂XγXd(z)〉(γc)γˆδˆδαδˆ(γd)γδδδβˆ = −
5
32
α4δαβˆ
k
k¯
(
1
ǫ
+ 1− ln |k|
2
µ2
), (43)
which is also the result of the eighth term. Finally, the seventh term in (41) gives
1
16
α4〈∂X γˆXc(y)∂XdXγ(z)〉(γc)γˆδˆδαδˆ(γd)γδδδβˆ = −
5
32
α4δαβˆ
k
k¯
, (44)
which is the same result for the nineth term. Then, twice (43) plus twice (44) cancels with
(42), or again, the first diagram cancels with the fourth.
Let’s now consider 〈Jab(y)Jcd(z)〉. For this case only diagram 4 contributes.
〈Jab(y)Jcd(z)〉 = α
4
4
〈∂XαX βˆ(y)∂XβXαˆ(z)〉(γab)αγδγβˆ(γcd)βδδδαˆ (45)
−α
4
4
〈∂XαX βˆ(y)∂XαˆXβ(z)〉(γab)αγδγβˆ(γcd)αˆδˆδβδˆ−
α4
4
〈∂X βˆXα(y)∂XβXαˆ(z)〉(γab)
βˆ
γˆδαγˆ(γ
cd)β
δδδαˆ
+
α4
4
〈∂X βˆXα(y)∂XαˆXβ(z)〉(γab)
βˆ
γˆδαγˆ(γ
cd)αˆ
δˆδ
βδˆ
+
α4
42
〈∂XeXf (y)∂XgXh(z)〉δ[ae δb]f δ[cg δ
d]
h .
Each term can be computed either in momentum or coordinate space without ambiguities.
The first term gives
α4
4
〈∂XαX βˆ(y)∂XβXαˆ(z)〉(γab)αγδγβˆ(γcd)βδδδαˆ = −
α4
4
ηa[cηd]b
(y − z)2 . (46)
The second gives
−α
4
4
〈∂XαX βˆ(y)∂XαˆXβ(z)〉(γab)αγδγβˆ(γcd)αˆδˆδβδˆ = −
α4
4
ηa[cηd]bln|y − z|2
(y − z)2 . (47)
The third gives the same result as the second and the fourth gives the same result as the
first. Finally, the fifth term gives
α4
42
〈∂XeXf (y)∂XgXh(z)〉δ[ae δb]f δ[cg δd]h =
α4
8
ηa[cηd]b
(y − z)2 (1 + ln|y − z|
2). (48)
Thus
〈Jab(y)Jcd(z)〉 = −3
8
α4
ηa[cηd]b
(y − z)2 (1 + ln|y − z|
2). (49)
One can easily check, given the vertices of (32) that there is no way to form one loop dia-
grams without classical current contributions for 〈Ja(y)Jβ(z)〉, 〈Ja(y)J βˆ(z)〉, 〈Jα(y)Jβ(z)〉,
〈J αˆ(y)J βˆ(z)〉, 〈Ja(y)Jbc(z)〉, 〈Jα(y)Jbc(z)〉, 〈J αˆ(y)Jbc(z)〉.
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Let’s compute now 〈Ja(y)J¯b(z)〉
〈Ja(y)Jb(z)〉 = α2〈∂Xa(y)∂Xb(z)〉−α3〈∂Xa(y)∂XαXβ(z)〉γbαβ−α3〈∂Xa(y)∂XαˆX βˆ(z)〉γbαˆβˆ
(50)
−α3〈∂XαXβ(y)∂Xb(z)〉γaαβ−α3〈∂XαˆX βˆ(y)∂Xb(z)〉γaαˆβˆ+α
4〈∂XαXβ(y)∂X γˆX δˆ(z)〉γaαβγbγˆδˆ
+α4〈∂XαˆX βˆ(y)∂XγXδ(z)〉γa
αˆβˆ
γ
b
γδ.
In this case the first term will give
α2〈∂Xa(y)∂Xb(z)〉 = −α
4
8
ηacηbd(γc)αβ(γd)αˆβˆ
k
|k|2
k¯
|k|2 [δ
αβˆδβαˆ
∫
ddp
pp¯
|p|2
(k − p)(k¯ − p¯)
|k − p|2
(51)
−δααˆδββˆ
∫
ddp
p2
|p|2
(k − p)2
|k − p|2 ]
= −2α4ηab
[
1 +
(
1
ǫ
+ 1− ln |k|
2
µ2
)]
.
As in the case of 〈Ja(y)Jb(z)〉 the second term cancels with the third and the fourth
with the fifth, i.e. the second and third diagrams cancel independently. Nevertheless, the
sixth term gives
α4〈∂XαXβ(y)∂X γˆX δˆ(z)〉γaαβγbγˆδˆ = −α
4ηab
[
1 +
(
1
ǫ
+ 1− ln |k|
2
µ2
)]
, (52)
and the senventh term in (50) gives the same result. So, differently from Ja(y)Jb(z) where
the first and fourth diagrams canceled, they add up for 〈Ja(y)J b(z)〉, giving
〈Ja(y)J b(z)〉 = −4α4ηab
[
1 +
(
1
ǫ
+ 1− ln |k|
2
µ2
)]
, (53)
which in coordinate space is
〈Ja(y)Jb(z)〉 = 4α4ηab
[
δ(2)(y, z)ln|y − z|2 − 1|y − z|2
]
, (54)
In a completely analog way 〈Jα(y)J βˆ(z)〉 gives
〈Jα(y)J βˆ(z)〉 = 5
4
α4δαβˆ
[
δ(2)(y, z)ln|y − z|2 − 1|y − z|2
]
, (55)
and
〈Jab(y)J cd(z)〉 → 3
8
α4ηa[cηd]b
[
δ(2)(y, z)ln|y − z|2 − 1|y − z|2
]
. (56)
Summarizing, the only non-vanishing one-loop results are (49), (54), (55) and (56), which
are consistent with the results found in [7].
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6 OPEs of the Energy momentum tensor with the
currents
The energy momentum tensor is
T = − 1
α2
(
1
2
JaJbηab − 4δαβˆJ βˆJα + 2NabJ [ab] + 2ωα∂λα), (57)
6.1 Tree level
In this subsection we will compute T (y)JA(z) at tree level. Let’s start with Ja. The result
is
〈T (y)Ja(z)〉 = J
a(z)
(y − z)2 +
1
y − z
(
∂Ja(z) + [J0, J2]
a(z)− 1
2
[N,J2]
c(z)
)
(58)
+
(y¯ − z¯)
(y − z)2
(
∂Ja(z) + [J0, J2]
a(z)− [J3, J3]a(z) − 1
2
[N,J2]
a(z)− 1
2
[Nˆ , J2]
a(z)
)
Note that the second line of the equations above vanishes by the use of the classical equations
of motion, so there is no inconsistency from the fact that ∂¯T = 0. We will now explain how
to arrive to this result. From the first term in the energy momentum tensor we obtain
− 1
2α2
〈JbJcηbc(y)Ja(z)〉 = −Jb〈∂Xcηbc(y)∂Xa(z)〉−Jb〈[J,X]cηbc(y)∂Xa(z)〉−Jb〈∂Xcηbc(y)[J,X]a(z)〉
(59)
Contracting using the propagator in the first term of the right hand side we obtain the
double pole, as well as the terms with ∂Ja and ∂Ja in (58). Now, the expansion of the
action contains terms of the form ∂XaJ
cd
Xeηe[cδ
b
d]
ηab and ∂X
aJcdXeηe[cδ
b
d]
ηab. Specifically,
those terms come from the expansion of ηabJ
aJ
b
. Those terms can contribute at tree level
when contracting with the first term in (59). The first gives the [J0, J2]
a in (58), while the
second gives a −[J0, J2]a which exactly cancels with the second term in (59). The third
term in (59) gives the [J0, J2]
a which appears in (58).
From the second term in the energy momentum tensor we obtain
4
α2
δ
αβˆ
〈JαJ βˆ(y)Ja(z)〉 = 4δ
αβˆ
Jα〈∂X βˆ(y)∂Xa(z)〉 − 4δ
αβˆ
J βˆ〈∂Xα(y)∂Xa(z)〉+ (60)
4δ
αβˆ
Jα〈[J,X]βˆ(y)∂Xa(z)〉 − 4δ
αβˆ
J βˆ〈[J,X]α(y)∂Xa(z)〉+ 4δ
αβˆ
Jα〈∂X βˆ(y)[J,X]a(z)〉
−4δ
αβˆ
J βˆ〈∂Xα(y)[J,X]a(z)〉
Expanding δ
αβˆ
JαJ
βˆ
and −3δ
αβˆ
J βˆJ
α
in the action (14) we can form treel level diagrams
with the first term in (60) whose result vanishes. Nevertheless, the tree level diagrams
formed with those expansions and the second term in (60) gives the [J3, J3] in (58). The
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remaining terms in (60) vanish because they give contributions of the form JαJβγ
a
αβ or
J αˆJ βˆγ
a
αˆβˆ
.
From the third term in the energy momentum tensor we can easily obtain −[N,J ]a(y−
z)−1, while using the first term in (59) and the expansion of J
ab
Nab in the action (14) we
obtain 12 [N,J ]
a(y−z)−1, giving at the end the term [N,J ]a in (58). Similarly, the first term
in (59) contracted with the expansion of NˆabJ
ab gives the [Nˆ , J ]a in (58). Finally, the last
term in the energy momentum tensor contracted with Ja will give a tree level contribution
by forming tree-level diagram contracting with N
(1)
ab J
a
Xb, which comes from the expansion
of NabJ
ab
. This contribution will be the [N,J2]
a in (58). Note that using the classical
equations of motion, the second line in (58) vanishes. Then, classically Ja is not a primary
field.
Similarly, we obtain
〈T (y)Jα(z)〉 = J
α(z)
(y − z)2 +
1
y − z
(
∂Jα(z) + [J0, J1]
α(z)− 1
2
[N,J1]
α(z)
)
(61)
and an analog expression for 〈T (y)J αˆ(z)〉. Nevertheless, it can be easily checked that at
tree level, T (y)J [ab] is regular.
It is also interesting to know 〈T (y)JA(z)〉. Following the same computation described
in detail for 〈T (y)Ja〉, we found
〈T (y)Ja(z)〉 = −Ja(y)δ(2)(y−z)− [J1, J1]
a(z)
y − z −
1
2
[N,J2]
a(z)
y¯ − z¯ −
1
2
[N,J2]
a(z)
y − z +
1
2
[Nˆ , J2]
a(z)
y − z ,
(62)
〈T (y)Jα(z)〉 = −Jα(y)δ(2)(y − z) + 1
2
[N,J1]
α(z)
y¯ − z¯ +
1
2
[N,J1]
α(z)
y − z −
1
2
[Nˆ , J2]
α(z)
y − z , (63)
〈T (y)Jab(z)〉 = [J2, J2]
ab(z)
y − z −
[J1, J3]
ab(z)
y − z −
[J3, J1]
ab(z)
y − z , (64)
Note that these results are not inconsistent with ∂¯T = 0, since, as usual, this derivative
only gives contact terms in the right-hand side.
6.2 One-loop
Next, we calculate the OPE´s between the energy momentum tensor and the current Ja at
one loop. We are going to show that there is no contribution to this OPE. To this aim, we
need to go up to one classical fied in the action and current expansions. In particular, we
need to evaluate terms whith one classical field and three quantum fields in the action.
We are not going to show the details like in the last subsection and we just list the
contribution of each diagram directly in coordinate space.
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The unique contribution to 〈T (y)Jc(z)〉 OPE come from − 12α2 〈ηabJaJb(y)Jc(z)〉 and
4
α2
〈δ
αβˆ
J βˆJαJc(z)〉. It will be shown now that these OPE’s cancel separetly. Let us start
with the first one. Expanding JaJa(y) and Jc(z) up to one classical current, the expectation
values we need to calculate come out as follow:
− 1
2α2
〈JaJa(y)Jc(z)〉 = −ηabJa(y)
〈
∂Xb(y)∂Xc(z)
〉
− αηabγb
αˆβˆ
Ja(y)
〈
∂XαˆX βˆ(y)∂Xc(z)
〉
− α
2
4
ηabf
c
[gh]ef
[gh]
df J
d(z)
〈
∂Xa∂Xb(y)XeXf (z)
〉
(65)
− α
2
ηab
〈
∂Xa∂Xb(y)∂Xc(z)
〉
+
α2
4
ηabγ
c
αβ
〈
∂Xa∂Xb(y)∂XαXβ(z)
〉
+ α2ηabJ
a
〈
γ
b
αβ∂X
αXβ(y)γ
c
αβ∂X
αXβ(z)
〉
+ αηabγ
c
αβJ
b
〈
∂Xa(y)∂XαXβ(z)
〉
,
where we are using the notation: α → (α, αˆ). For the sake of simplicity we don’t write
explicity the structure constants f
d
[ab]c and f
[ab]
ef . The first term is given by diagram five
(66)
The result is
−α2ηabJa(y)
〈
∂Xb(y)∂Xc
〉
= −2α
2Jc(y)
(y − z)2 (1 + ln |y − z|
2) (67)
The next term is computed by evaluating diagram six
(68)
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and the result is zero. The contribution for the third term comes from diagram seven.
(69)
The result is
−α
4
4
ηabf
c
[gh]ef
[gh]
df J
d(z)
〈
∂Xa(y)∂Xb(y)XeXf (z)
〉
= −α2
f
c
[ab]ff
[ab]
ef J
e(z)
2(y − z)2 (70)
The next two terms could be calculated by evaluating diagrams eight and nine, but
there are no possible contractions and they do not contribute.
(71)
(72)
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The contribution for the sixth term comes from diagram ten and gives
(73)
+α2ηabJ
a
〈
γ
b
αβ∂X
α(y)Xβ(y)γ
c
αβ∂X
α(z)Xβ(z)
〉
=
2α2Jc(y)
(y − z)2 (1 + ln |y − z|
2). (74)
The seventh term is calculated from diagram eleven and the result is zero.
(75)
Finally, the fourth term also contributes to diagram twelve
(76)
where it was used a vertex from the action which one classical field and three quantum
fields. The result is
−α
2
ηab
〈
∂Xa(y)∂Xb(y)∂Xc
〉
= α2
f
c
[ab]ff
[ab]
ef J
e(z)
2(y − z)2 (77)
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So, we conclude that − 12α2
〈
ηabJ
aJb(y)Jc(z)
〉
= 0.
Now we will show that 4
α2
〈
δ
αβˆ
J βˆJα(y)Jc(z)
〉
is also zero. Again we need to expand
the currents up to one classical field and calculate each expectation value. As the relevant
diagrams are the same, we are not going to put the results for each expectation value and
we will use the notation In for the n-th diagram, and just list the result of the diagrams
that contribute, as follows
I6 = 0
I7 = −4α
2Jc(z)
(y − z)2
I8 =
2α2Jc(z) ln |y − z|2
(y − z)2 +
3α2Jc(z)
(y − z)2
I9 =
2α2Jc(z)
(y − z)2 (2 + ln |y − z|
2)
I10 = −4α
2Jc(y)
(y − z)2 (1 + ln |y − z|
2)
I12 =
α2Jc(z)
(y − z)2 (78)
After evaluating the background fields at the point (z, z¯), the sum of the diagrams is
null. The derivative terms of the Jc don’t appear in the results because they can be written
as bilinear terms in the classical fields due to the equations of motion, and they will not
enter in this one classical field calculation. Therefore, one can see that the result of the one
loop calculation is
〈T (y)Jc(z)〉 = 0 (79)
Now, for the currents J1 and J3 the results are different. The one-loop results for
〈− 1
2α2
ηabJ
aJb(y)Jγ(z)〉 are
I6 =
5
4
α2
Jγ(z)
(y − z)2 [1 + ln|y − z|
2],
I7 =
5
4
α2
Jγ(z)
(y − z)2 ,
I8 = −5
4
α2
Jγ(z)
(y − z)2 [
3
2
+ ln|y − z|2],
I9 = −5
4
α2
Jγ(z)
(y − z)2 [2 + ln|y − z|
2],
I10 =
5
4
α2
Jγ(z)
(y − z)2 [1 + ln|y − z|
2],
I12 =
5
8
α2
Jγ(z)
(y − z)2 ,
(80)
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then in one-loop order 〈−12ηabJaJb(y)Jγ(z)〉 vanishes. Nevertheless, computing 〈−4δαβˆJαJ βˆ(y)Jγ(z)〉
we found the following results for each diagram
I5 =
5
4
α2
Jγ(z)
(y − z)2 [1 + ln|y − z|
2],
I6 = 0,
I7 =
5
4
α2
Jγ(z)
(y − z)2
I8 = −5
4
α2
Jγ(z)
(y − z)2 [
3
2
+ ln|y − z|2],
I9 = −5
4
α2
Jγ(z)
(y − z)2 [2 + ln|y − z|
2],
I10 = 0,
I11 =
5
4
α2
Jγ(z)
(y − z)2 [1 + ln|y − z|
2],
I12 =
5
16
α2
Jγ(z)
(y − z)2 ,
(81)
then T (y)J1(z) does not cancel and indeed gives
〈T (y)Jγ(z)〉 = − 5
16
α2
Jγ(z)
(y − z)2 . (82)
Something similar happens for T (y)J3(z). Computing −12ηab〈JaJb(y)J γˆ(z)〉 we found
I6 = −5
4
α2
J γˆ(z)
(y − z)2 [1 + ln|y − z|
2],
I7 =
5
4
α2
J γˆ(z)
(y − z)2 ,
I8 = 0,
I9 = 0,
I10 =
5
4
α2
J γˆ(z)
(y − z)2 [1 + ln|y − z|
2],
I12 = −5
4
α2
Jγ(z)
(y − z)2 ,
(83)
so, 〈−12ηabJaJb(y)J γˆ(z)〉 cancels. Nevertheless the diagram results for 〈−4δαβˆJαJ βˆ(y)J γˆ(z)〉
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are
I5 =
5
4
α2
J γˆ(z)
(y − z)2 [1 + ln|y − z|
2],
I6 = 0,
I7 =
5
4
α2
J γˆ(z)
(y − z)2 ,
I8 = 0,
I9 = 0,
I10 = 0,
I11 = −5
4
α2
J γˆ(z)
(y − z)2 [1 + ln|y − z|
2],
I12 = − 5
16
α2
Jγ(z)
(y − z)2 ,
(84)
So,
〈T (y)J γˆ(z)〉 = 5
16
α2
J γˆ(z)
(y − z)2 . (85)
Finally, let’s consider 〈T (y)Jcd(z)〉. Computing 〈− 1
2α2
ηabJ
aJb(y)J [cd](z)〉 we found
I7 = α
2 J
[cd](z)
(y − z)2 ,
I9 = −α2 J
[cd](z)
(y − z)2 [2 + ln|y − z|
2],
I10 = α
2 J
[cd](z)
(y − z)2 [1 + ln|y − z|
2],
(86)
and the same result with opposite sign for 〈− 12α2 ηabJaJb(y)J [c
′d′](z)〉 so in one loop order
〈− 1
2α2
ηabJ
aJb(y)J [cd](z)〉 cancels.
Similarly, computing 〈− 4
α2
δ
αβˆ
JαJ βˆ(y)Jcd(z)〉 we found
I7 = 4α
2 J
[cd](z)
(y − z)2 ,
I9 = −4α2 J
[cd](z)
(y − z)2 [2 + ln|y − z|
2],
I10 = 4α
2 J
[cd](z)
(y − z)2 [1 + ln|y − z|
2],
(87)
and the same results with opposite sign for 〈− 4
α2
δ
αβˆ
JαJ βˆ(y)Jc
′d′(z)〉. Then 〈− 4
α2
δ
αβˆ
JαJ βˆ(y)Jcd(z)〉
cancels at one loop order. Considering the term NabJ
ab in the energy momentum tensor,
22
we find that the diagram 10 contributes
I10 =
3
4
α2
N cd
(y − z)2 [1 + ln|y − z|
2], (88)
and this result is directly related to (49). This last result is canceled by computing the one
loop contribution coming from the contraction of the last term in the energy momentum
tensor (57) with the term N
(1)
ab J
ab
coming from the expansion of the action . In conclusion,
the one loop contribution for 〈T (y)Jcd(z)〉 cancels.
7 Summary of Results
In this work we showed that at one loop, there are non trivial cancelations in the possible
corrections to the double pole of the product of the currents Ja(y)Jb(z) and Jα(y)J βˆ(z).
These results are in agreement with [7]. On the other hand, we found the following one
loop corrections to the double pole corrections
〈Jab(y)Jcd(z)〉 = −3
8
α4
ηa[cηd]b
(y − z)2 (1 + ln|y − z|
2), (89)
〈Ja(y)J b(z)〉 = −4α4ηab
[
1
|y − z|2 − δ
(2)(y, z)ln|y − z|2
]
, (90)
〈Jα(y)J βˆ(z)〉 = −5
4
α4δαβˆ
[
1
|y − z|2 − δ
(2)(y, z)ln|y − z|2
]
, (91)
and
〈Jab(y)J cd(z)〉 = −3
8
α4ηa[cηd]b
[
1
|y − z|2 − δ
(2)(y, z)ln|y − z|2
]
. (92)
We also found that there is no way to form one loop diagrams without classical current
contributions, i.e double pole corrections for 〈Ja(y)Jβ(z)〉, 〈Ja(y)J βˆ(z)〉, 〈Jα(y)Jβ(z)〉,
〈J αˆ(y)J βˆ(z)〉, 〈Ja(y)Jbc(z)〉, 〈Jα(y)Jbc(z)〉, 〈J αˆ(y)Jbc(z)〉.
About the product of the energy momentum tensor with the currents we found the
following results on-shell
〈T (y)Ja(z)〉 = J
a(z)
(y − z)2 +
1
y − z
(
∂Ja(z) + [J0, J2]
a(z)− 1
2
[N,J2]
c(z)
)
, (93)
where we found a non trivial cancellation in the possible one-loop contribution to the double
pole. On the other hand, for the fermionic currents we found
〈T (y)Jα(z)〉 = (1− 5
16
α2)
Jα(z)
(y − z)2 +
1
y − z
(
∂Jα(z) + [J0, J1]
α(z)− 1
2
[N,J1]
α(z)
)
, (94)
〈T (y)J αˆ(z)〉 = (1 + 5
16
α2)
J αˆ(z)
(y − z)2 +
1
y − z
(
∂J αˆ(z) + [J0, J3]
αˆ(z)− 1
2
[N,J3]
αˆ(z)
)
. (95)
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Thus, there are one loop corrections in the double poles. However, forming a single operator
JαJ αˆ those corrections cancels, which means that the energy momentum tensor still has
zero anomalous dimension. It is worth to note that for 〈T (y)Jab(z)〉 we found regular terms
at tree level, while at one loop the possible corrections to the double pole term cancel. In
this cancelation plays a key role the result (89) and the pure spinors. We also computed
〈T (y)JA(z)〉 at tree level, whose results were written at the send of subsection 6.1.
In the one loop level of this work, we focused on the corrections to the double poles. We
leave the study of the possible corrections to single poles for future work.
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A Background Field Expansion
Here we use the background field expansion described in section 4 and write the expansion
of the terms in the action (14) up to cubic terms in the quantum fields, since this is the
order relevant for the one-loop computation of the current’s OPE’s. For the pure spinors
Lorentz currents one expands
Nab = N
(0)
ab + αN
(1)
ab + α
2N
(2)
ab , (96)
and similarly for Nˆab. Now, the pure spinor Lorentz currents have the following behaviour
N
(1)
ab (y)N
(1)
cd (z)→
ηc[bN
(0)
a]d (z)− ηd[bN
(0)
a]c (z)
y − z , (97)
N
(2)
ab (y)N
(2)
cd (z)→ −3
ηa[dηc]b
(y − z)2 . (98)
B Explicit expansion of the action
In this subsection we will write down the expansion of the matter part of action containing
three quantum fields and one classical current.
The contributions proportional to Ja and J
a
are
24
α3
2
∫
d2z[
2
3
∂XaXbXcJ
d
ηa[bηd]c−
2
3
∂Xa
′
Xb
′
Xc
′
J
d′
ηa′[b′ηd′]c′ +
2
3
∂XaXbXcJdηa[bηd]c (99)
−2
3
∂Xa
′
Xb
′
Xc
′
Jd
′
ηa′[b′ηd′]c′ −
1
3
∂XaXαX βˆJ
d
(ηadδαβˆ +
5
4
(γad)βˆ
γˆδαγˆ − 1
4
(γad)α
γδ
γβˆ
)
−1
3
∂XaXαX βˆJd(ηadδαβˆ−
1
4
(γad)βˆ
γˆδαγˆ+
5
4
(γad)α
γδ
γβˆ
)−1
3
∂XαX βˆ(XaJ
d
ηadδαβˆ+
1
2
XaJ
d
(γad)α
γˆδβγˆ
+
3
2
Xa
′
J
d′
(γa′d′)α
γˆδβγˆ) +
2
3
∂XαX βˆ(XaJdηadδαβˆ +
11
4
XaJd(γad)α
γδ
γβˆ
−3
4
Xa
′
Jd
′
(γa′d′)α
γδ
γβˆ
)− 2
3
∂X βˆXα(XaJ
d
ηadδαβˆ +
11
4
XaJ
d
(γad)βˆ
γˆδαγˆ
−3
4
Xa
′
J
d′
(γa′d′)βˆ
γˆδαγˆ+
1
3
∂X βˆXα(XaJdηadδαβˆ+
1
2
XaJd(γad)α
γδ
γβˆ
+
3
2
Xa
′
Jd
′
(γa′d′)α
γδ
γβˆ
)].
The contributions proportional to Jδ are
α3
∫
d2z[
2
3
∂XαXβXγ(γa)δγ(γa)αβ−1
3
∂XαˆX βˆXγ((γa)γδ(γα)αˆβˆ+(γ
ab)δ
ǫδ
ǫβˆ
(γab)αˆ
ǫˆδγǫˆ−(γa′b′)δǫδǫβˆ(γa′b′)αˆǫˆδγǫˆ)
(100)
− 5
24
∂XαˆXaXbδδαˆηab − 5
6
∂XαX βˆX γˆ((γab)α
ǫδ
ǫβˆ
(γab)δ
βδβγˆ − (γa′b′)αǫδǫβˆ(γa′b′)δβδβγˆ)
+
1
12
∂XaXbXαˆδδαˆηab +
1
4
∂XaXbXαˆδ
δβˆ
(γab)
βˆ
αˆ +
13
12
∂Xa
′
Xb
′
Xαˆδ
δβˆ
(γa′b′)
βˆ
αˆ]J
δ.
The contributions propotional to J
δˆ
are
α3
∫
d2z[
2
3
∂XαˆX βˆX γˆ(γa)
δˆγˆ
(γa)αˆβˆ−
1
3
∂XαXβX γˆ((γa)
γˆδˆ
(γα)αβ+(γ
ab)
δˆ
ǫˆδβǫˆ(γab)α
ǫδǫγˆ−(γa′b′)δˆ ǫˆδβǫˆ(γa′b′)αǫδǫγˆ)
(101)
+
5
24
∂XαXaXbδ
αδˆ
ηab − 5
6
∂XαˆXβXγ((γab)αˆ
ǫˆδβǫˆ(γab)δˆ
βˆδ
γβˆ
− (γa′b′)αˆǫˆδβǫˆ(γa′b′)δˆ βˆδγβˆ)
− 1
12
∂XaXbXαδ
αδˆ
ηab − 1
4
∂XaXbXαδ
βδˆ
(γab)
β
α − 13
12
∂Xa
′
Xb
′
Xαδ
βδˆ
(γa′b′)
β
α]J
δˆ
.
C List of integrals∫
ddm
1
|m|2|m− k|2 = −
2
kk¯
(
1
ǫ
− ln |k|
2
µ2
). (102)
∫
ddm
mm¯
|m|2|m− k|2 = 1. (103)
∫
ddm
m
|m|2|m− k|2 = −
1
πǫ
1
k¯
[|k|2]−ǫ
µ−2ǫ
Γ(1− ǫ)2Γ(ǫ)
Γ(1− 2ǫ) = −
1
k¯
(
1
ǫ
− ln |k|
2
µ2
). (104)
25
∫
ddm
m¯
|m|2|m− k|2 = −
1
πǫ
1
k
[|k|2]−ǫ
µ−2ǫ
Γ(1− ǫ)2Γ(ǫ)
Γ(1− 2ǫ) = −
1
k
(
1
ǫ
− ln |k|
2
µ2
). (105)
∫
ddm
m2
|m|2|m− k|2 = −
1
πǫ
k
k¯
[|k|2]−ǫ
µ−2ǫ
Γ(2− ǫ)Γ(1− ǫ)Γ(ǫ)
Γ(2− 2ǫ) = −
k
k¯
(
1
ǫ
+ 1− ln |k|
2
µ2
). (106)
∫
ddm
m¯2
|m|2|m− k|2 = −
1
πǫ
k¯
k
[|k|2]−ǫ
µ−2ǫ
Γ(2− ǫ)Γ(1− ǫ)Γ(ǫ)
Γ(2− 2ǫ) = −
k¯
k
(
1
ǫ
+ 1− ln |k|
2
µ2
). (107)
∫
ddm
m2m¯
|m|2|m− k|2 =
1
2πǫ
k
[|k|2]−ǫ
µ−2ǫ
Γ(1− ǫ)2Γ(1 + ǫ)
Γ(2− 2ǫ) =
k
2
. (108)
∫
ddm
mm¯2
|m|2|m− k|2 =
1
2πǫ
k¯
[|k|2]−ǫ
µ−2ǫ
Γ(1− ǫ)2Γ(1 + ǫ)
Γ(2− 2ǫ) =
k¯
2
. (109)
∫
ddm
m2m¯2
|m|2|m− k|2 =
1
πǫ
kk¯
[|k|2]−ǫ
µ−2ǫ
Γ(2− ǫ)2Γ(1 + ǫ)
Γ(4− 2ǫ) =
kk¯
6
. (110)
∫
ddm
mm¯
[|m|2]2|m− k|2 = −
1
πǫ
1
kk¯
(1 +
2
ǫ
− 2ln |k|
2
µ2
). (111)
∫
ddm
m2m¯
[|m|2]2|m− k|2 = −
1
πǫ
1
k¯
(
1
ǫ
− ln |k|
2
µ2
). (112)
∫
ddm
m3m¯
[|m|2]2|m− k|2 = −
1
πǫ
k
k¯
(
1
ǫ
+ 1− ln |k|
2
µ2
). (113)
∫
ddm
m2m¯2
[|m|2]2|m− k|2 =
3
2
. (114)
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